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HSC Ext 2 2017 Solutions

Multiple Choice

10C) x® —1=0, as it has 8 solutions, starting with 1

2 B) ellipse, PS =%PM

3D) 3-i.

4C)y=f?(x)

5B) Ya’=2Ya-6=-6

6A) [la=5a=-15..a=-3,..9a+9=0,..a=-1

7A) (X is even,r f(x)dx=2rf(x)dx

g(x) is odd, ja g(x)dx=0

8B)f(f(—x))="f(-f(x)=—F(f(x)
dx dy dx dy
9C)x—+yd—_0 When d—_y X+— ot =0

10B)f(0)+ f(1)>2f (%) f (x) is concave up, .. The

area enclosed by the curve and the x-axis, 0 < x <1, is
less than the rectangle of unit width and height =
midpoint of f (0) and f (2).

Question 11

@) z=1-/3i,w=1+i
(Dmmn=—1

T T —Ix

(ii) afg— —arg(z) —arg(w) = — = - ==

3 4 12
(b) The equation of the asymptote isy = ﬂ - X
23 3
1 =
a=tant——===
J3 6

(d) Lett= tan%

dt =lsec
2 2

When 6 =0.t =0. When 9_2?” t=+/3

I dt=+/3

2 NE NE
J'3 1 I9=J‘ 1 : 2dt2:
o 1+cosé 0 1-t° 1+t 0

1+
1+t2

(e) &V = 2zrhdy, where r = y,h=x, —x, =(3_y)_%

3.3 Ly 3y° |~ _ 2
=3-22 > - oV —2ﬂ(3y—7j8y—37r(2y—y )y.
sV = 37rJ. (2y-y?)ay.

(f) Let x =sin® 0, dx = 2sinf cosOd6.

o=".
4

j I4s'n925inecosed0
Vi cosé

=j“25in29d9=_[“(1—cosze)d9
0 0

When x=0,0 =0. When x=%,

=[9—lsin29}4 =£—1.
2 o 4 2
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Question 12
. e“(e*+1)—e*(e* -1 26~
(@ () f'(x) = () 2( )= 2
(e +1) (e +1)
> 0 always, .. f(X) is increasing for all x.
" e -1 1-¢ .
f(—x)= = =—f(x),.. f s odd
(i) f (-x) = 1 Tre (x), () i
(|||)Asx—>+oo 1_1 e’ -1
e+l 1l+e”
(iv) 14
_______________ B URRRRREEEELEEEEE
(v) AK
_______________ 1 TT—_..
- B

(b) 22+ (2+3i)z+ (1+3i) =(z+1)(z +1+3i)
sz2=-1-1-3i
(©) Ixtanl xdx

2

Let u=tanx,du = ~dx, and dv = xdx,v =X?

1+x
2

2
I =X—tan1x—ljx—2dx
2 2J1+x

2
- X tanix-t (1— L 2jdx
2 2 1+x

=X—2tan’1x—5+1tan’lx+c.
2 2 2
(d) (i) Let P(x) = (x —)*Q(x)
P'(x) = 2(x = a@)Q(x) + (x —&)*Q'(X).
- P(a)=P'(a)=0.
(i) P'(x) = 4x® —9x® 4+ 2x = x(4x —=1)(x - 2)
P(2)=16-24+4+4=0.
~a=2,since P(2)=P'(2) =0.

HSC Ext 2 2017 Solutions
Question 13

@ (Jr —+/5)? >0, r+522\/E,.'.%2\/E
(b) () P(a)=a’ +aa® +ba’ +ca+1=0

P(i]:i+i+£+£+l

a) o & o «a

_l+aa+ba’+ca’+a’
a4
nat+aat+ba’+ca+1l=1+aa +ba’+ca’+a*

JSa=cC

=0, where o #0

(ii) Zaﬁzaﬂ+$+%+ﬁ+2=b_

a

From (a), aﬁ+i> Ez 2,..b>6.
ap a

(04
“5
(c)v%:—g kv?
j° v __ dex
egrk Jo
J;JE

_1 2
_Zk[ln(g+kv )|

g +k( g j
1 4k 1.5
=—In————%=—In—

2k g 2k 4
(d) Area(RPQ)=SQxRS, where S = (x,0).

By similar triangles, where G = (4,0)

1 1
X X
4 4
TSI
G 1 2 C G 1 1 F

SQ-1_RS-1_x |
2 1 4"

2
c Area = §+1 —+1 _X—+%+1
2 4 8 4

4 o2 3 2 4
Vqume:J. X—+% 1lx=|2 +3i+x _38 u’
o\ 8 24" 8 |3

=S ——+1 RS=—+1
Q 4

8
(e) DC = DA rotated (—90°)
c—d =(a—d)(i)
se=(+i)d—
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Question 14

(@) (i) By equating the coefficients of x, A—B=0
By equating the constants, A+ B =8.
L A=B=4
(ii)j 416 I — 2x+4 J‘ 2x+4
0o X' +4 0

0 X° +2x+2 NG —2x+2

mo2X+2 mo2x-2
=I > dx—j > dx
0 X“+2X+2 0 X°=2X+2

m 2 m 2
+j > dx+j > dx
o (x+1)°+1 o (x-1)°+1
[ X2+ 2X+2
=l In"0—"-—"——

m

2

+2tan " (x+1) + 2tan " (x -1)
X°—=2X+2

0
2
=In%+2tan’l(m+l)+2tan (m— 1)+£—£
m®—2m+2 4
2
:In%+2tan‘l(m+1)+2tan‘1(m—1).
m®—2m+2
2
(iii) As m > o0, In T F2M+2 g o,
2
m”—2m+ 2

and tan'(m+1) - %

- lim m41—6dx =2r
moeJo X" +4
(b) (i) angles subtending the same arc are equal
(i) ZEDA = ZEBA (angles subtending the same arc)
ZEBA = AFG (same reason)
.. Z/EDA= ZAFC.
(iii) Let «.DBE =, ZEBA = .
/GEF =180° - ZDBA =180°— (& + f8)
(opposite angles in a cyclic quad are supplementary)
. ZEGC =« (angle sum in AEGF)
.. ZEGC = ZCBD (both =«)
. BCGD is a cyclic quad (the interior angle equals
the opposite interior angle)

(c) (i) V:Rsin@=mg @
H: Rcos® = mrw? (2)
2
@:ﬂzcote, but cot@:E
@ g r
e =3

(i) V: T cos@ + Nsing =mg 3)
H: Tsin@—Ncosd =mrw>  (4)

(3) xsin@ — (4) x cosH gives

N =m(gsin0 —rw’ cosg) = m(g sing — r?—?cosej

=mg (sin@ —2c059j.

()N =0, tan0>" but 2= cotg =1
r r tan@
~tan?6>1
0>z
4
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Question 15

©10) |1=J‘:Xx/1—x2dx=[_—\/(1;xz)3] 1

3
(i) Let u = x"", dv = x+/1— x*dx

du=(n-1)x"2,v =_—“(1_X2)3.

3

0

3

.{_ J(l)} roep[ e

=n—1 X" (1- x*)V1-x*dx
=%J‘ x“lel—xzdx—?j X"\1- x2dx
0 0

S+2), =(n-DI .

. _(n—ljl

T lns2)

(iii)|5=f|3,|3=§|l
4 2 1 8

=—X—X—=—

5775 3 105
(b) (i) By implicit differentiation,

1 1.dy _.dy Ay

2
Jd

At point (c,d),m=—-——.

Je

Equation of tangent at point (c,d)

Jd

y—d= JE(X_C)
y\/E+x\/a=d\/E+c\/a.

(i) Lety=0,x=c+\/a,.'. A(c+\/a,0)
Letx=0,y=d +\/a,.'.B(0,d wa)
OA+OB=c+d +2\/a=(ﬁ+\/a)2=a

L
(c)(n)a+ T

(1 1 (1 1
lprTar)7 0 @@

R A T
1 bZdZ 1 a2CZ

x:_akc® (b*+d?)
y12 (a2 _CZ) b2d2
(ii) The x-coordinate of the positive focus is

Ja® —b*for the ellipse and ~/c* + d? for the hyp.

Ifa’—b?>=c?+d? thena®*-c?=b*+d?

2 2.2

_X°_ac
= : 1
y12 b2d2 ( )
2
For the ellipse, m, = —bz—xl.
1
2
For the hyperbola, m, = d2 X
3
b*d*x,? :
mm, == Xiz =-1, using (1)
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Question 16

(a) (i) o* =cosk@ +isinké,
a™* =cos(—ka) +isin(—kea) = coska —isinka

K =2coska.

Lo tor
(i) Thisisa GP, witha=a™",r =« and 2n+1 terms

~ a—n (1_a2n+1) ~ a—n (1_a2n+1)(1_&)

¢ l1-a (l-a)l-a)
(@"-a")(-a) a"-a"-a "+
l-a)l-a) l-a)l-a)
a"+a" —(oz”+1 +a’(”+l))
l-a)l-a)

(iii) Rearranging the series

C =1+(a +a‘1)+(a2 +a‘2)+...+(a” +a‘”)
=1+2(cos0 +¢0s20 +...+cosnd), from (i)
_2cosn@ —2cos(n+1)0
1t (aa)-(a+a)
_2cosnf —2cos(n+1)6
- 2—-2co0s6

_ cosn@d —cos(n+1)0

- 1-cos@

(iv) cos@ +cos26 +...+cosnd
1(cosn0—cos(n +1)6 J

, from (ii)

2 1-cos6
Leto=",
n
bs 27 Nz
C0S— +CO0S— +...+ COS—
n n n
nz (n+)x
COS— —COS~———
_1 n n_ 4
2 1—cosE
n
1 —1—cos(n+”j
_= nJ_4
2 1—cos£
n
T
-1+ cos—
_1 n_1q zlx_zz_l
2 1-cos— 2

(b) Givene=2and |+ae—a|=1,
s2a—a=1..a=1

or |—2a—a|=3a=1,.'.a=%

(c) (i) Given that tile A has x ways and tile B has x —1
ways, if tile C is the same colour as tile B (1 colour
is used), then tile D has x —1 colours to choose from
as it can have the same colour as tile A;
if tile C is a different colour from tile B (i.e. both A
and B, 2 colours are used) then tile C can have x — 2
ways and tile D can have x — 2 ways as it cannot have
the same colour as tiles B and C but it can have the
same colour as tile A.

SAx(x =D+ (x=2)? =x*-3x+3

(ii) Let n =1, the number of ways is x(x —1), as the
first tile can be painted in x ways and the second tile
can be painted in x —1 ways, .". total = x(x —1) ways.
Assume the 2 by n grid can be painted by

X(x —1)(x* —3x +3)" ways.

RTP the 2 by n+1 grid can be painted by
X(x—1)(x* —3x+3)"" ways.

By adding an extra column, those 2 tiles can have
x? —3x + 3 ways, as argued in part (i).

- Total = x(x —1)(x* —=3x+3)" ™ (x* = 3x + 3)

= x(x —1)(x* —3x +3)" ways.

.. True by PMI.

(iii) Let x=3,n =5, if not all colours are used, total

=3x2x(3’ —3><3+3)4 = 486 ways. It can be done

B W B W
B W B W B
To use all 3 colours, we take away the number of
cases where only 2 colours are used. Since there are

using only 2 colours, e.g.

3 colours, choose °C, colours, e.g. W and B, and the
1st grid can be either W or B, .. 3x 2 =6 ways.
.. Total = 486 — 6 = 480 ways.
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